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Mathematical tools

Mathematical tools

Plane-wave expansion of periodic functions

Fourier series expansion

@ Plane waves (p.w.) are a complete and orthogonal set of functions:

/e,'(K_KO)., dr — v K=K,
c 0 K+# K

e v: volume of the primitive cell C of the direct lattice R
e K: reciprocal lattice vector, K € R*

o If f(r+ R)=f(r), Vr e R3, VR € R:

f(r)= Z fice' "
K

e only pw with the periodicity of R = k=K € R*
e fx: Fourier coefficients
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Mathematical tools

Mathematical tools

Plane-wave expansion of periodic functions

Fourier series expansion

o If f(r) =2k, fii, e/ Kot

/e—iK~rf(r) dr = ZfKO/ ei(KO—K)~r dr
C Ko C

= Z fK0V5Ko,K = fKV
Ko

@ Therefore:
1 .
f = / e KTE(r)dr
C

v
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Mathematical tools

Mathematical tools

Plane-wave expansion of periodic functions

Applications
@ For a periodic function in k-space with reciprocal-lattice periodicity:
o ¢(k+ K)=¢(k), VkecR3VKecR*
o Plane-wave expansion: ¢(k) = p ¢re'fk
o (R**=R=RER
@ The Fourier coefficients are:

or = oy / dk e~ R* (k)

3
e volume of the primitive cell in k—space:gggL
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Mathematical tools

Mathematical tools

Plane-wave expansion of periodic functions

Applications

@ For a periodic function with the periodicity dictated by the Born-von
Karman conditions:

° f(r+ N;a;) = f(l‘)7 VkeR} = 1,2,3
@ Primitive vectors of the direct Bravais lattice: N;a;, i =1,2,3
e Primitive vectors of its reciprocal lattice: b;/N;

@ Reciprocal lattice vectors:

3
k:Z%bi m; €7
=1

@ Volume of the primitive cell of the Bravais lattice: volume of the
crystal, V
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Mathematical tools

Mathematical tools

Plane-wave expansion of periodic functions

Applications
o Plane-wave expansion: f(r) =3, fre'®"

@ The Fourier coefficients f; are:

1 .
fo = V/Ve_’k"f(r) dr

o [,ekrdr=0 fork+#0
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The periodic potential

The periodic potential

The independent electron approximation

General remarks
@ A lattice is a periodic array of atoms/ions

@ Hence the effective potential felt by an electron is periodic:

Ur+R)=U(r), YRER, VreR?

U(r)=Ul(z,y)

Bidimensional periodic potential
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The periodic potential

The periodic potential

The independent electron approximation

The periodic potential U(r)
o Essentially atomic in the region of the ionic core

o Relatively flat in the regions between fixed cores

X

U(r)

Several sections of a crystalline periodic potential
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The periodic potential

The periodic potential

The independent electron approximation

Bloch electrons
e Satisfy the one-electron TISE for a periodic potential U(r):
R? _,
) = |- 502 4+ U0 | () = 0(0)

2m
e U(r) =0 for free electrons
@ The ions are assumed to be stationary
@ U(r) can include an effective potential to describe electron-electron

interaction (mean field theories such as DFT)

@ We will examine the general properties of ¥(r) subject to such a
potential
e due to the translational symmetry of the problem
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The periodic potential

The periodic potential

The independent electron approximation

General remarks

@ Perfect periodicity is an idealization:
e solids are never pure
o finite (thermal) probability of vacancies or misplaced ions
e ion cores are never stationary (vibrations)
@ Accounted as small perturbations to the problem (perturbation
theory)
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Bloch's theorem and Born-von Karman boundary conditions

© Bloch’s theorem and Born-von Karman boundary conditions
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Bloch's theorem and Born-von Karman boundary conditions

Bloch’s theorem

Statements and proof

Theorem

@ The solution of the TISE with a periodic potential U(r) with the
periodicity of the Bravais lattice R, can be written as the product of
a plane wave and a function which is R-periodic:

Yok(r) = €™ up(r)

@ up(r+ R)=un(r), YVRER

e n: band index (vide infra)

o — d}nk(r + R) = eik.ank(r)
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Bloch's theorem and Born-von Karman boundary conditions

Bloch’s theorem

Statements and proof

Theorem
e Equivalent form: '
Ynk(r + R) = ¥Ry (r)

Equivalency of the two statements
e — follows from the periodicity of u,k(r)
o = Let Yu(r + R) = e*Fypn(r)
o Yok(r) = e—ik~ank(r+ R) = eikr [ ik (Rr)y, W(r+ R)}

o upk(r) = e * i (r) is periodic on R: u(r + R) = u(r)
° 1/1nk(r) = eik"unk(r)
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Bloch's theorem and Born-von Karman boundary conditions

Bloch’s theorem

Statements and proof

Proof of Bloch's theorem

@ VR € R define a translation operator Tg:
Trf(r) =f(r+R)

e Tgissuch that: TgH(r) = H(r+ R) = H(r)

o H=—1v24 y(r)
o TrU(r) = U(r + R) = U(r) by hypothesis
o TrV? =V2, g = VZVR (not necessarily R € R)

o Every Tgp commutes with the Hamiltonian H:

Tr(HY) = H(r + R)y(r + R) = H(r)i(r + R) = H(TrY)
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Bloch's theorem and Born-von Karman boundary conditions

Bloch’s theorem

Statements and proof

Proof of Bloch's theorem

@ Furthermore:

Tr Tle(l’) = ¢(I’ + R+ R/) = TR+R/¢(I') = Tg Tmﬂ(r)

o {H, TR} VR € R is a set of commuting operators

e — we can find eigenstates of H that are also eigenstates of Tg,
VReR

@ Therefore:

HY = ey
TrY = c(R)Y
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Bloch's theorem and Born-von Karman boundary conditions

Bloch’s theorem

Statement and proofs

Proof of Bloch’s theorem (cont.)

@ Since TR—i—R’ =TrTr = C(R+ R/) = C(R)C(R/)

o c(3o7y Ri) =TI, c(Ri)
o If Toa(r) = c(a;)y(r), let c(a;) = > ™

o x; €C (Vz€C, z=|z|e® = e(nlz1+i0) = gi2mx s = 0 _ L |n|z|)
e VReR: R=nmay+ max+ nzaz, nj € Z

Therefore: c(R) = c(a1)™c(ax)™c(a3)™ = e'k'R
o k= X1b1 + X2b2 + X3b3
o b;: reciprocal lattice vectors (b; - a; = 276;;)

TR = U(r + R) = c(R)y = e Ry(r)

(]
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Bloch's theorem and Born-von Karman boundary conditions

Bloch’s theorem

Statement and proofs

Born-von Karman boundary conditions
@ Assume bulk properties are not affected by boundary conditions

e Choose a macroscopic region (of volume V) commensurate with the
primitive cell

o defined by vectors A; = N;a; (i =1,2,3) N; ~ O(NY/3), N ~ Ny
o V will contain N = Ny N, N3 primitive cells of R

@ R: Bravais lattice of the crystal structure — R,
o C, denotes its primitive cell of volume v

@ Bravais lattice on which v(r) is periodic — Ry

e Cp denotes its primitive cell of volume V
o = V=Nv
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Bloch's theorem and Born-von Karman boundary conditions

Bloch’s theorem

Statement and proofs

Born-von Karman boundary conditions

i
PR R SR AR SR AR A
A R A S A |

—_—

dy

Ap=Naity

Commensurability of Bravais lattices R, and R

Daniele Toffoli May 11, 2026

21/51



Bloch's theorem and Born-von Karman boundary conditions

Bloch’s theorem

Statement and proofs

Born-von Karman boundary conditions

@ Impose macroscopic periodicity of the wave function:
¢(”+Niai):¢(’)a I:1a273

From Bloch's theorem: i (r + N;a;) = e™Nik-aiq)  (r) = i (r)
— eiNikai — 1 — @2miNix — 1 — X = % with m; € Z

@ a;- bj = 271'5,‘j
o Quantization of the Bloch wave vector: k = 33, Tib;

e x; € R due to the cyclic boundary conditions imposed on 9,k (r)

allowed wave vector become countable (but infinite) = all lattice
points of R},
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Bloch's theorem and Born-von Karman boundary conditions

Bloch’s theorem

Statement and proofs

Born-von Karman boundary conditions
e k=mB;+mBy+m3B;, mj € Z
— AxxAs 1 - 1 - 1
o By =2mz7 50 54 = nyb1 B2 = 75b2, B3 = b3
e B;, i =1,2,3 primitive vectors of R},
o b;, i =1,2,3 primitive vectors of R},
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Bloch's theorem and Born-von Karman boundary conditions

Bloch’s theorem

Statement and proofs

Observations
@ R, and Ry are commensurate: Ry is less denser than R,
o VQ € Ry, Q € R, the converse is not true
° R; and R, are also commensurate: R; is less denser than R},.
o bj=N;B; i=1,23= R}, CRy
° C; contains N = Ny N, N3 primitive cells of R}, = v* = NV*

: . _ (n)?
@ Volume per allowed k in k-space: Ak = 5
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Bloch's theorem and Born-von Karman boundary conditions

The central equation

Proof of Bloch’s theorem by explicit construction

Derivation of the central equation

e Find solutions of the one-electron TISE for a periodic potential U(r):

2
Hib(r) = {—’ivz n U(r)} B(r) = e(r)

2m

@ (r) has a macroscopic periodicity (Born-von Karman conditions):

w(r) _ Z Ckeik-r
k

o keRy: k=37, fibi
e — find the coefficients Cy (and eigenvalues)
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Bloch's theorem and Born-von Karman boundary conditions

The central equation

Proof of Bloch’s theorem by explicit construction

Derivation of the central equation

o U(r) has the periodicity of R,;: U(r) =Y ¢ Uge'®"

Ug = 1/ e 'Cruy(r)dr
Cu

14

@ Not needed for the proof but later:
e fix the energy scale by setting Uy = %fcu U(r)dr=20
e U(r) = U(r)* and assuming inversion symmetry Ug € R
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Bloch's theorem and Born-von Karman boundary conditions

The central equation

Proof of Bloch’s theorem by explicit construction

Derivation of the central equation

@ For the kinetic term:

h2

@ For the potential term:

ZUGeiG-r ZCkeikr
G k

h? i
_ VZ - _ VZ § : ik-r
2m () 2m p Che

n? > ik
_%ZCkk e
k

_ Z Ug Cre/(GHR)r

G.k

—ZUGCk/ Ge ZUGCk Ge

G k'
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Bloch's theorem and Born-von Karman boundary conditions

The central equation

Proof of Bloch’s theorem by explicit construction

Derivation of the central equation

o Collecting all terms:

ier | (1P
D ek (2mk2—s)Ck+zG:UngG =0

k

@ Using the orthogonality of plane waves:

h2
<2mk2 — €> Ck + Z UgCk_g =0
G

e Vk € R}y, — infinite set of equations!
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Bloch's theorem and Born-von Karman boundary conditions

The central equation

Proof of Bloch’s theorem by explicit construction

Structure of the central equation

@ In a given equation (indexed by k) only Cgs with k’ differing from k
by a reciprocal lattice vector G € R;, enter:

h2
(2mk2 — E) Ck + Z UgCk_g =0
G

@ N independent subsystems: the number of k points inside the
primitive cell of R,

o one subsystem for each allowed k in the 1st BZ of R},

o For fixed k € 1st BZ of RZ there are an oo number of solutions
(secular equations)
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Bloch's theorem and Born-von Karman boundary conditions

The central equation

Proof of Bloch’s theorem by explicit construction

Structure of subsystem j, j =1,..., N
e kj € R}, be a k vector inside the 1st BZ of RZ

e G ¢ RZ enumerated such that G; = 0.

,

%kﬁ — 6) ij + ZG UGijfG =0
2
Zh—m|kj — G2’2 — 8) ijng + ZG UGijngfG =0

(%“‘j - Gifz - 5) ij—G,- + ZG Ug ij—c,-_c =0

\...

@ Contains only coeffs. corresponding to reciprocal lattice vectors
k e Sj:
° SJ':{k:k:kj—G,',kjElStBZ VG,'ERZ}

Daniele Toffoli May 11, 2026 30/51




Bloch's theorem and Born-von Karman boundary conditions

The central equation

Proof of Bloch’s theorem by explicit construction

Structure of subsystem j, j =1,..., N
@ Each subsystem can be solved independently from the others
@ The N independent subsystems constitute a partition of the full
system
@ Each subsystem has an oo number of solutions = need another
index n to enumerate the particular solutions: ©,k(r), €nk-
@ nis called band index

e enumerates the solutions in order of increasing energy:
€1k Sk SE3k---

@ Eigenvector n can be written in the form:

k(1) =3 (Cg-g), 7"

G
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Bloch's theorem and Born-von Karman boundary conditions

Bloch’s theorem

Statement and proofs

Proof of Bloch's theorem by explicit construction

@ For fixed k € 1st BZ:

Unic(r) = (Cu—), € = e Tup(r)
G

o with up(r) =Y ¢ (Ck_g), e "¢
@ One can prove that up(r + R) = upk(r)
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General remarks about Bloch's theorem

@ General remarks about Bloch'’s theorem
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General remarks about Bloch's theorem

Bloch’s theorem

General remarks

wnk(r) = eikArunk(r)
@ k is not proportional to the electron's momentum

e U(r) breaks the complete translational invariance of H

pi/]nk(r) = ?Vﬂ)nk(’) = hkwnk(r) + eik'r?vunk(r) 7é c X wnk(r)

@ k — crystal momentum

o full resemblance to % appears when considering the response to

external E.M. fields
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General remarks about Bloch's theorem

Bloch’s theorem

General remarks

wnk(r) = eiklrunk(r)
@ k can always be restricted to a primitive cell in k-space (often but not
always taken as the 1st BZ).

o If k' ¢ 1st BZ then for a given K, k' = k + K with k € 1st BZ: —
Y k+k(r) and e, 1k are periodic in k space:

wn,k+K(r) = wnk(r)

Enk+K = €nk
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General remarks about Bloch's theorem

Bloch’s theorem

General remarks

k

IJ‘an(r) =é 'runk(r)

@ Index n (band index) counts all solutions for a given k.
o For solutions of the TISE of the form w(r) = e’ u(r):

u(r) = e* " Hiu(r)

Hy(r) = e/k" [5; <1V + k)2 + U(r)

o ug(r) satisfy
Hicui(r) = excur(r)
o b.c: u(r+R)=u(r)VReR,
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General remarks about Bloch's theorem

Bloch’s theorem

General remarks
wnk(r) = eik-runk(r)

Hicuk(r) = exui(r)
u(r+ R) = u(r)

@ The eigenvalue problem is restricted to a primitive cell of R,

@ The energy spectrum is discrete: levels are indexed by n

@ the Hamiltonian Hj depends on k parametrically

® cnk = ep(k) is a continuous function of k
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General remarks about Bloch's theorem

Bloch’s theorem

General remarks

wnk(r) = eikArunk(r)
o Eigenstates and eigenvalues are periodic functions of k in the
reciprocal lattice:

Unk+k (r) = nk(r)
Enk+K = Enk
@ Leads to a description of energy levels in terms of continuous
functions:
Enk = €n(k)
o For fixed n, ep(k) is called energy band
@ Any energy band is limited (upper and lower bounds):

6I;lin S 5,,(/() S 5Ir?ax
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General remarks about Bloch's theorem

Bloch’s theorem

General remarks

wnk(r) = eik‘runk(r)
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General remarks about Bloch's theorem

Bloch’s theorem

General remarks

Ibnk(") = eik"unk(r)

@ For a (nk) level, the electron mean velocity is:

vn(k) = %Vka,,(k)

@ The electrons move without degradation of the mean velocity
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The Fermi surface

The Fermi surface

Ground state of N Bloch electrons

Filling the one-electron levels
@ Each state is labeled by two quantum numbers n and k
e each level accommodates two electrons
@ k is confined to the 1st BZ
e for a proper counting of levels
@ Two possible scenarios when the N lowest-energy levels are filled:

e a certain number of bands are completely filled, all other are empty
e a number of bands are partially filled
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The Fermi surface

The Fermi surface

Ground state of N Bloch electrons

Completely filled bands

@ Band gap: Ac between the highest occupied level and the lowest
unoccupied level

@ i.e. between the top of the highest occupied band and the bottom of
the lowest empty band

o Insulators: Ae > kg T

@ Intrinsic semiconductors: Ae ~ kg T

@ Nr. of states in a band = nr. of primitive cells in the crystal
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The Fermi surface

The Fermi surface

Ground state of N Bloch electrons

Partially filled bands

o = (Fermi energy) of the highest occupied level lies within the energy
range of one or more bands

@ For each partially filled band there is a surface in k-space
e separating occupied from empty states
e branch of the Fermi surface in the nth band
e analytically described by e,(k) = e¢
@ The set of all branches is called Fermi surface
e set of constant-energy surfaces
usually restricted to a single band of a fairly small number of bands
periodic in k-space with the periodicity of the reciprocal lattice
not present in a solid with a gap
metallic properties require a Fermi surface to exist
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Density of levels

Density of levels
Density of levels in the n-th band

Definitions

o Consider weighted sums of one-electron properties of the form

Q=23 Qn(k)
o k=3, 7bi in the 1st BZ
e very dense mesh in the limit of infinite V

o Itis:
Q . 2
9= i,y = M, s 2 9k = Z/

e Often Q(k) depends on n and k only through the energy ¢ = ¢,(k):
e lfg=n=N/V = Q(e) =f(e)
o lfg=u=E/V = Q) =ef(¢)
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Density of levels

Density of levels
Density of levels in the n-th band

Definitions

o If Qn(k) = Q(en(k)):

q= Zn:/ﬂ;Q(en(k)) = Zn://::;Q(e)é(s — en(k)) de
=% [0 &= [ g0 4

e g(e) =, &n(e) density of levels (per unit volume)

@ gn(e): density of levels in the n-th band
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Density of levels

Density of levels
Density of levels in the n-th band

Definitions

o It follows that
dk

8n(e) = [ 450 ~ ()
e integral over a primitive cell of k-space

@ In other words:

(€)d " nr. of allowed k in the n-th band
n(e)de = —
8 v in the energy range (¢,¢ + de)
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Density of levels

Density of levels
Density of levels in the n-th band

Definitions

o Consider the volume enclosed between the surfaces S,(<) and
Sn(e + de) in the primitive cell of R;:

dS
gn(e) de = /5,,(5) mdk(k)
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Density of levels

Density of levels
Density of levels in the n-th band

Definitions

@ From

€+ de = e+ |Vey(k)|dk(k)

w1
! Sa(e) 413 [Ven(k)|

o Ve,(k) L S,(e)
@ Explicit relation between density of states and band structure

i

5, (E+dE)
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Density of levels

Density of levels
Density of levels in the n-th band

Definitions

@ In each primitive cell there must be stationary points
e points at which |Ve,(k)| = 0 (e.g. max, min)
e since €,(k) is continuous and periodic

@ The integrand diverges (integrable in 3D giving finite g,)
@ Shows up as divergences in the slope (van-Hove singularities)

£, (6D

Typical van-Hove singularities in the density of levels
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