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Finding approximate solutions (roots) to nonlinear equations

?
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Finding approximate solutions (roots) to nonlinear equations

Minimization and maximization of a function (function optimization)

 E.g. optimization of atomic structures, variational method (quantum chemistry)

 Least-squares fitting (e.g. fitting spectroscopic data, optimizing force fields for 

molecular modelling)

Solving systems of nonlinear equations

 E.g. chemical equilibrium calculations

?
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Brute force root finding

1. Detect

2. Assume linear variation of 

3. Approximate root as:
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Brute force root finding

1. Detect

2. Assume linear variation of 

3. Approximate root as:

Inefficient and slow 

 Cost scales with density of points

 Evaluates many points far from any root
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Bisection method

Solution guaranteed to be found (if it exist in the interval)

Convergence is steady, but can we do better?

1. Identify interval where the function changes sign

2. Evaluate the midpoint of the current interval

3. Decide which half still contains a sign change and update interval 

4. Repeat until the error is below a desired tolerance
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Newton-Raphson method

Very fast

Does not guarantee that a solution is found

Convergence dependent on the initial guess

1. Choose an initial guess 

2. Approximate function at the current guess by the line tangent to it

3. Approximate the root as the intercept of the tangent line with the x-axis

4. Repeat until the error is below a desired tolerance

https://en.wikipedia.org/wiki/File:NewtonIteration_Ani.gif 

https://en.wikipedia.org/wiki/File:NewtonIteration_Ani.gif
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Rate of convergence

How fast the error decreases from one iteration to the next

q: Order (or rate) of convergence

 Can be computed from a log-log plot of the error 
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Assignment 5
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